In the following we shall consider only nonatomic, a-finite measure spaces (X, %, m). We say that a measure /i is equivalent to m if /i and m have the same sets of measure zero. We shall discuss measurable transformations T that are 1-1 onto maps with measurable inverses. If m(TA) = m(A) for all sets A G % we say that T is a measure preserving transformation, or that m is an invariant measure for the transformation T. We assume that all transformations mentioned are nonsingular; in other words, the image of a set of positive measure has positive measure also. A measurable transformation T is ergodic if TA = A implies that either the set A or its complement has measure zero. We shall often tacitly assume the phrase "almost everywhere", and all sets considered shall be measurable.
also a recurrent transformation; moreover, if it is defined on an infinite measure space (X, %, m) then it cannot accept a finite invariant measure p equivalent to m. It is clear then that the strongly recurrent transformations are the ones identified with the class of transformations that accept a finite invariant measure fi equivalent to m. In this article we concentrate on the weakly wandering sequences of a measurable transformation T. These and other related sequences exist when T does not possess a finite invariant measure.
In the past several years while working on different problems of ergodic theory we have obtained several results concerning weakly wandering sequences. On numerous occasions we have collaborated closely with S. Kakutani, and many of the results we discuss here and elsewhere have been a product of our joint efforts. In this article we shall not attempt to give a comprehensive treatment of the theory of transformations without a finite invariant measure. Rather, we shall restrict our attention to properties of weakly wandering and other related sequences associated with such transformations. We shall present proofs and examples only when they supplement the existing literature. We shall cite only those works from the literature that have an immediate connection with our treatment.
The weakly wandering sequences of an ergodic measure preserving transformation T defined on an infinite measure space reflect strongly the behaviour of T. One example of this is exhibited in Theorem 1 which was discussed briefly in [14] . is a wandering set for T. Therefore, m(C) = \\m n^ao m{T~nC r ) = 0 which implies that lim^^mCC,,) = 0. Since the sets C n for n = 0, 1, 2, . . . are mutually disjoint, it follows that 0-lim I *2 m(C")= lim £ ml U c\ « lim ~ ml U B n J -lim | m (J ^«4).
To show (c) we let D be a weakly wandering set of positive measure under the sequence % = {/i,)/ -0, 1, 2,... } for the transformation Tand lety4 be any set of positive measure. Since T is ergodic it follows that there exists a positive integer p > 0 such that the set B = T P D n A has positive measure. Since B c T P D it follows that B is also a weakly wandering set under the same sequence % for the transformation 7. Dividing the above expression by k we obtain
~ ml IJ 7^1 > m(JS)>0,
and this completes the proof of the theorem. We observe from Theorem 1 that when T is an ergodic measure preserving transformation defined on an infinite measure space then the proof of (a) says that the union of the successive images under the transformation T of any set A of positive measure grows in size to fill up the space X. From (b) on the other hand, we see that this growth cannot be too fast and must be slow enough to satisfy the ergodicity of T. However, (c) shows that there exists a lower bound to the rate of this growth which is independent of the set A of positive measure but is related to the "thickness" of the weakly wandering sequences of T. Since the above properties are preserved under spatial isomorphism of transformations, it is possible to make these general observations more specific. As mentioned in [14] employing these ideas one can construct examples of ergodic measure preserving transformations defined on an infinite measure space which are not isomorphic to each other.
In another development PROOF OF THEOREM 2. Let % = {n t \i = 0, 1, 2,... } be a weakly wandering sequence for the transformation T, and let ^Q = %. By the lemma we obtain a positive integer k 0 > 0 such that {% 0 + k 0 } n %> = 0 and ^ = {^o + k 0 } u %) is a weakly wandering sequence for T. We note that the integer k > 0 specified in the lemma can be chosen arbitrarily large. Therefore, using induction we choose an increasing sequence of positive integers °\f = {k t \i = 1, 2,... }, and for each / = 1, 2,... we define the sequence % = {%_, + £,_,} U %_, such that {% + k t } n % = 0 and % +1 = {^ + &,} u ^lf/ is a weakly wandering sequence for T. Finally, we let n 9 ri E ^ff and fc, fc' E T. We assume that k <k' and k! = ^ for some positive integerp > 0. We then have n + k E ^ and /*' + k! E {^ + A^}, and this completes the proof of the theorem.
An interesting property of weakly wandering sequences of an ergodic measure preserving transformation T is reflected in the frequency of visits to a set A of the images of a point x under the iterates of T. In particular, it is shown in [5] that if {n t \i = 0, 1, 2,... } is a weakly wandering sequence for the ergodic measure preserving transformation T defined on the infinite measure space (X 9 %, m) and A is any set of finite measure, then the suborbit { T ni x\i = 0, 1, 2,... } of almost all points x E X intersects the set A at only finitely many points. We call sequences with such a property dissipative. More generally, we have the following definition. DEFINITION 1. Let Tbe a measure preserving transformation defined on the measure space (X, %, m). A sequence of integers {n t \i = 0, 1, 2,... } is said to be a dissipative sequence for the transformation T if for any integrable function ƒ E L X (X, ®, m) we have 00 2 \f{T rti x)\< oo almost everywhere.
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It is not difficult to show that a weakly wandering sequence {n t \i = 0, 1, 2,... } is also a dissipative sequence for an ergodic measure preserving transformation defined on an infinite measure space; see [6] . The converse however, is not true. We show this with an example that is constructed by slightly modifying the example in [11] .
EXAMPLE. We consider the one sided infinite direct product measure space of two point spaces; namely, (X 0 , ® 0 , m) = n°l 0 (^/> %9 m i) where Y t = {0, 1}, % consists of all subsets of Y i9 and m^O) = m,(l) = 1/2 for i = 0, 1, 2,.... We also assume that we have removed from the measure space (A^, ® 0 , m) all the dyadic rationals; namely, the countable set consisting of all points x = (y 0 ,y\,... ) E X 0 with the property that y f E Y t are constant for all i > p, where p = p(x) is a nonnegative integer. We consider the rectangular sets
for n = 0, 1, 2,..., and defined TQX = (0,..., 0, 1, y n +\ 9 ... ) for x E A n9 n = 0, 1, 2, It is clear then that T 0 is an ergodic measure preserving transformation defined on the measure space (X 0 , ® 0 , m) with m(X 0 ) = 1. We note that T 0 is also what is referred to in the literature [9] as a von Neumann transformation. We now construct a measure space (X 9 ©, m) and a transformation T which is built up from the transformation T 0 on top of the set X 0 via the skyscraper or stacking method; see [8] . We let ƒ (0) = 0 and suppose that an increasing sequence of positive integers {f(ri)\n = 1,2,...} has been defined (we shall soon define such a sequence inductively below). For n = 0, 1, 2,... we let (A n , 0) = A n as defined in (1) and let (A n9 i) be an isomorphic copy of A n for 0 < / < f(n). We denote by the same letter S all the isomorphisms: A n ,i) = (A n ,i + 1) for/ = 0, 1, ...,ƒ(/*)-l,andfl = 1,2, 
S(

. } for T.
It is clear from the above example that the sequence T = % u ^ff' is a dissipative sequence for the transformation 7 since T is the union of two of its weakly wandering sequences. However, the sequence °\T is not a weakly wandering sequence for T 9 in fact, T cannot be a weakly wandering sequence for any recurrent transformation. This is a consequence of the following observation:
Suppose A is a set of positive measure which is weakly wandering under the sequence °V for a recurrent transformation T. Then for any two integers p, q E%p=£ q,T p A n T q A = 0 implies that T p~q A n A = 0. Also from the construction of the sequence T = <¥ u ^ff' it is clear that T -°\f = {/? -q\p, q E T} consists of the set of all integers. These two facts imply that the set A is in fact a wandering set of positive measure for T> and this is a contradiction to T being recurrent.
In view of the above example it is clear that there exist dissipative sequences which are not weakly wandering sequences for an ergodic measure preserving transformation. However, we do not know of any other method by which we can construct a dissipative sequence for an ergodic measure preserving transformation defined on an infinite measure space other than by taking the union of a finite number of its weakly wandering sequences. In fact, in this direction we are not able to show whether a dissipative sequence for such a transformation must be of density zero or not.
Closely related to the weakly wandering and dissipative sequences of an ergodic measure preserving transformation T defined on an infinite measure space are the recurrent sequences of T. These sequences were first introduced and discussed in some detail in Let us suppose that T is an ergodic measure preserving transformation defined on a measure space (X, %, m). From the fact that any measurable function which is invariant under T has to be a constant almost everywhere follows that if two measures are equivalent and invariant under T then one must be a constant multiple of the other. From this it is easy to conclude that if a measurable transformation S commutes with T then there exists a constant K > 0 such that m (SA) = Km(A) for all A G %. In case (X 9 ©, m) is a finite measure space then the situation simplifies slightly, and any measurable transformation S which commutes with an ergodic measure preserving transformation T defined on a finite measure space (X 9 %, m) preserves the same measure m also. In case m(X) = oo however, the situation is more complicated. The transformation constructed in [11] is an example of an ergodic measure preserving transformation T defined on the infinite measure space (X, % 9 m) of the real line. Among other properties of the transformation T it is shown that if S is any measurable transformation defined on the same measure space (X, <3J, m) which commutes with T, then S must preserve the same measure m also. The crucial property that T possesses in the above example happens to be reflected in some special weakly wandering sequences. In order to clarify these ideas and show their effect on some related results we introduce the following definitions: DEFINITION 2. A weakly wandering sequence % = {n t \i = 0, 1, 2, } for the measurable transformation T defined on the measure space (X, %, m) is said to be an exhaustive weakly wandering sequence for T if
for some set B E %. In this case we also say that B is an exhaustive weakly wandering set under the sequence W for T. space (X, ©, m) . Let B be a set of finite measure which is an exhaustive weakly wandering set under the sequence % = {n t \i = 0, 1, 2,... } for T. Then % is a weakly wandering sequence of bounded type for T; moreover, any measurable transformation S which commutes with T must preserve the same measure m also.
In order to prove Theorem 3 we first prove the following lemma:
LEMMA. Let T be a measure preserving transformation defined on the measure space (X, %, m). Let B and C be two weakly wandering sets under the same sequence % = {n t \i = 0, 1, 2,.. . } for T, and assume that 00 c c U r^(disj).
/ = 0
Then m(C) < m(B).
PROOF. From the hypotheses follows that
00
C= U T*BnC (disj).
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Since T is a measure preserving transformation we have Let S be a measurable transformation which commutes with the ergodic measure preserving transformation T defined on the infinite measure space (X, $, m). Since T is ergodic it follows that there exists a constant K > 0 such that m(SA) » Km(A) for all A e ©. If S does not preserve the measure m then, by possibly interchanging S with its inverse, we may assume that the constant K is greater than 1. It is also clear that if B is a weakly wandering set under the sequence % = {n t \i = 0, 1, 2,... } for the transformation T then the set SB is also a weakly wandering set under the same sequence % for T Combining these observations we conclude that m(SB) > m(B). This is a contradiction to the lemma and completes the proof of the theorem.
The example constructed in [11] possesses such special weakly wandering sequences as described in Theorem 3. However, this fact is not shared by all ergodic measure preserving transformations defined on an infiniite measure space. In [7] examples of ergodic measure preserving transformations T are constructed on the infinite measure space (X, ©, m) of the real line which are unlike the transformation constructed in [11] . Namely, the ergodic measure preserving transformations constructed in [7] commute with measurable transformations that do not preserve the same measure m. The examples constructed in [7] seem to have a number of other interesting implications; see [8] and [15] . However, an immediate consequence of the above discussion is that the exhaustive weakly wandering sequences for the transformations constructed in [7] must be of infinite type.
It is possible to make a few statements that relate the weakly wandering sequences of a transformation T and the full group [T] of T. However, these are only fragmentary observations at best; and at present, without relying heavily on the known results from the literature, we are unable to give direct and simple proofs of such statements. Nevertheless, there seems to exist helpful information in the structure of the weakly wandering sequences of a transformation T which ought to describe whether T admits a a-finite invariant measure /i equivalent to m or not. We present a sample of such results in the following Theorem 4 which contains no new information, but is merely a rephrasing of known facts. The full group [T] of a transformation T can be regarded as a generalization of the cyclic group generated by T. Namely, the full group [T] of a transformation T defined on the measure space (X, ©, m) consists of the set of all measurable transformations S defined on (X, $, m) such that for all x E X, Sx = T n x for some integer n = n(x). PROOF. We would like to mention once more that the above statements are no more than disguised forms of other known results. For that reason we shall only mention the results from the literature that translate to these statements; we leave it to the interested reader to complete the details.
Parts (a) and (b) follow from Theorem 1 of [10] ; for part (b) it helps to notice that S is an ergodic transformation preserving the same measure //, that T preserves. Part (c) is another way of stating part of the Corollary to Theorem 1 of [8] .
It is possible that a direct proof of statements of the above nature may
